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Abstract
In this work, we study persistent current in a mesoscopic cylinder subjected to both longitudinal and
transverse magnetic fluxes. A simple tight-binding model is used to describe the system, where all
the calculations are performed exactly within the non-interacting electron picture. The current I is
investigated numerically concerning its dependence on total number of electrons Ne, system size N ,
longitudinal magnetic flux φl and transverse magnetic flux φt. Quite interestingly we observe that
typical current amplitude oscillates as a function of the transverse magnetic flux, associated with the
energy-flux characteristics, showing Nφ0 flux-quantum periodicity, where N and φ0 (= ch/e) correspond
to the system size and the elementary flux-quantum respectively. This analysis may provide a new aspect
of persistent current for multi-channel cylindrical systems in the presence of radial magnetic field Br,
associated with the flux φt.
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1 Introduction
In thermodynamic equilibrium, a small metallic
ring threaded by a magnetic flux φ supports a cur-
rent that does not decay dissipatively even at non-
zero temperature. It is the so-called persistent
current in mesoscopic normal metal rings. This
phenomenon is a purely quantum mechanical ef-
fect, and provides an exact demonstration of the
Aharonov-Bohm1 effect. In the very early days of
quantum mechanics, Hund2 predicted the appear-
ance of persistent current in a normal metal ring,
but the experimental evidences of it came much
later only after realization of the mesoscopic sys-
tems. In 1983, Bu¨ttiker et al.3 showed theoreti-
cally that persistent current can exist in mesoscopic
normal metal rings threaded by a magnetic flux
even in the presence of disorder. Few years later,
Levy et al.4 first performed the excellent experi-
ment and gave the evidence of persistent current in
the mesoscopic normal metal rings. Following with
this, the existence of persistent current was further
confirmed by many experiments.5−9 Though there
exists a vast literature of theoretical10−25 as well
as experimental4−9 results on persistent currents,
but lot of controversies are still present between
the theory and experiment. For our illustrations,
here we mention some them as follow. (i) The
main controversy appears in the determination of
the current amplitude. It has been observed that
the measured current amplitude exceeds an order
of magnitude than the theoretical estimates. Many
efforts have been paid to solve this problem, but no
such proper explanation has been found out. Since
normal metals are intrinsically disordered, it was
believed that electron-electron correlation can en-
hance the current amplitude by homogenize the sys-
tem. But the inclusion of the electron correlation26
doesn’t give any significant enhancement of the per-
sistent current. Later, in some recent papers27−29 it
has been studied that the simplest nearest-neighbor
tight-binding model with electron-electron interac-
tion cannot explain the actual mechanisms. The
higher order hopping integrals in addition to the
nearest-neighbor hopping integral have an impor-
tant role to magnify the current amplitude in a
considerable amount. With this prediction some
discrepancies can be removed, but the complete
mechanisms are yet to be understood. (ii) The
appearance of different flux-quantum periodicities
rather than simple φ0 (φ0 = ch/e, the elementary
flux-quantum) periodicity in persistent current is
not quite clear to us. The presence of other flux-
quantum periodicities has already been reported in
many papers,30−33 but still there exist so many con-
flict. (iii) The prediction of the sign of low-field cur-
rents is a major challenge in this area. Only for a
single-channel ring, the sign of the low-field currents
can be mentioned exactly.33−34 While, in all other
cases i.e., for multi-channel rings and cylinders, the
sign of the low-field currents cannot be predicted
exactly. It then depends on the total number of
electrons (Ne), chemical potential (µ), disordered
configurations, etc. Beside these, there are several
other controversies those are unsolved even today.
In the present paper, we will investigate the be-
havior of persistent currents in a thin cylinder (see
Fig. 1) in the presence of both longitudinal and
transverse magnetic fluxes, φl and φt respectively.
Our numerical study shows that typical current am-
plitude in the cylinder oscillates as a function of
the transverse magnetic flux φt, associated with the
magnetic field Br, showing Nφ0 flux-quantum pe-
riodicity instead of simple φ0-periodicity, where N
corresponds to the size of the cylinder. This oscil-
latory behavior provides an important signature in
this particular study. To the best of our knowledge,
this phenomenon of periodicity in persistent current
has not been addressed earlier in the literature.
We organize the paper as follow. In Section 2, we
present the model and the theoretical formulations
for our calculations. Section 3 discusses the signif-
icant results, and finally we summarize our results
in Section 4.
2 Model and the theoretical
description
Let us refer to Fig. 1. A thin metallic cylinder is
subjected to the longitudinal magnetic flux φl and
to the transverse magnetic flux φt. For our illus-
tration, we consider this simplest cylinder, where
only two isolated one-channel rings are connected
by some vertical bonds. The transverse magnetic
flux φt is expressed in terms of the radial magnetic
field Br by the relation φt = BrLd, where the sym-
bols L and d correspond to the circumference of
each ring and the hight of the cylinder respectively.
The system of our concern can be modeled by a
single-band tight-binding Hamiltonian, and in the
non-interacting picture, it looks in the form,
H =
N∑
i=1
ǫLi c
L†
i c
L
i +
N∑
i=1
ǫUi c
U†
i c
U
i
+ vLl
∑
<ij>
[
ei(θ1−θ2)cL†i c
L
j + e
−i(θ1−θ2)cL†j c
L
i
]
2
+ vUl
∑
<ij>
[
ei(θ1+θ2)cU†i c
U
j + e
−i(θ1+θ2)cU†j c
U
i
]
+ vt
N∑
i=1
(
cL†i c
U
i + c
U†
i c
L
i
)
(1)
In the above Hamiltonian (H), ǫLi ’s (ǫ
U
i ’s) are the
site energies in the lower (upper) ring, cL†i (c
U†
i ) is
the creation operator of an electron at site i in the
lower (upper) ring, and the corresponding annihila-
tion operator for this site i is denoted by cLi (c
U
i ).
The symbol vLl (v
U
l ) gives the nearest-neighbor hop-
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Φ
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Figure 1: Schematic view of a mesoscopic cylinder
subjected to both the longitudinal and transverse
magnetic fluxes φl and φt respectively. Filled circles
correspond to the position of the atomic sites (for
color illustration, see the web version).
ping integral in the lower (upper) ring, while the
parameter vt corresponds to the transverse hopping
strength between the two rings of the cylinder. θ1
and θ2 are the two phase factors those are related to
the longitudinal and transverse fluxes by the expres-
sions, θ1 = 2πφl/Nφ0 and θ2 = πφt/Nφ0, where N
represents the total number of atomic sites in each
ring.
At absolute zero temperature (T = 0 K), the lon-
gitudinal persistent current so-called the Aharonov-
Bohm persistent current in the cylinder can be ex-
pressed as,
I(φl) = −
∂E0(φl, φt)
∂φl
(2)
where, E0(φl, φt) represents the ground state en-
ergy. We evaluate this energy exactly to understand
unambiguously the anomalous behavior of persis-
tent current, and this is achieved by exact diago-
nalization of the tight-binding Hamiltonian Eq. (1).
Throughout the calculations, we take the site ener-
gies ǫLi = ǫ
U
i = 0, which reveal a perfect cylinder,
the hopping integrals vLl = v
U
l = vt = 2.5, and for
simplicity, we use the units where c = 1, e = 1 and
h = 1.
3 Results and discussion
To reveal the basic mechanisms of the transverse
magnetic flux φt on the persistent current, here we
present all the results only for the non-interacting
electron picture. With this assumption, the model
becomes quite simple and all the basic features can
be well understood. Another realistic assumption
is that, we focus on the perfect cylinders only i.e.,
the site energies are taken as ǫLi = ǫ
U
i = 0 for all
i. To illustrate the behavior of the persistent cur-
0 1 2 3 4 5 6
Φl
-6
-3
0
3
6
EH
Φ
lL
Figure 2: Variation of the energy levels as a function
of the longitudinal magnetic flux φl for a mesoscopic
cylinder with N = 6. The transverse magnetic flux
φt is set to 4 (for color illustration, see the web
version).
rent in our concerned system, let us first explain the
energy-flux characteristics of a mesoscopic cylinder
subjected to both φl and φt. Figure 2 illustrates
the variation of the energy levels as a function of
φl for such a mesoscopic cylinder with N = 6. In
this case, the transverse magnetic flux φt is set to
4. The spectrum shows that the energy levels have
extrema i.e., either a maxima or a minima at half-
integer or integer multiples of the elementary flux-
quantum φ0 (= 1, for our chosen units). At these
extrema points the persistent current vanishes since
it is evaluated from the first derivative of the energy
eigenstate with respect to the flux φl (Eq. (2)). All
these energy levels vary periodically with φl, show-
ing φ0 flux-quantum periodicity, as expected. This
φ0-periodicity cannot be clearly understood from
the spectrum (Fig. 2) since the individual energy
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levels overlap with each other and form a compli-
cated picture. The φl-dependence of the energy lev-
els and their periodicity are quite familiar to us.
The significant behavior appears only when we plot
the variation of the energy levels as a function of
the transverse magnetic flux φt. In Fig. 3, we dis-
play the dependence of the energy levels with φt for
a typical mesoscopic cylinder with N = 6. The lon-
gitudinal magnetic flux φl is fixed at 0.3. All the
energy levels get modified enormously with φt, and
the dependence of them also changes quite a signif-
icant way compared to the energy levels plotted in
the previous spectrum (Fig. 2). The locations of the
extrema points of these energy levels no longer situ-
ate at the same points as obtained in Fig. 2. In this
spectrum (Fig. 3), all the energy levels vary peri-
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Figure 3: Variation of the energy levels as a function
of the transverse magnetic flux φt for a mesoscopic
cylinder with N = 6. The longitudinal magnetic
flux φl is set to 0.3 (for color illustration, see the
web version).
odically with φt, and most interestingly we observe
that the energy levels exhibit Nφ0 flux-quantum
periodicity, instead of φ0. Since in this particular
cylinder we choose N = 6 for each ring, the energy
levels provide 6φ0 (= 6) flux-quantum periodicity
with φt. The signature of this Nφ0 periodicity be-
comes much more clearly visible from our study of
the Ityp vs. φt characteristics, which we shall de-
scribe at the end of this section.
Following the above discussion, next we concen-
trate our study on the current-flux characteristics
and the dependence of the current on the trans-
verse magnetic flux φt. We evaluate all the cur-
rents only for those cylinders which contain fixed
number of electrons Ne. The current carried by an
energy eigenstate is obtained by taking the first or-
der derivative of the energy for that particular state
with respect to the flux φl, and thus, for the n-th en-
ergy eigenstate of energy En (say) the current can
be expressed by the relation, In(φl) = ∂En/∂φl.
At absolute zero temperature (T = 0 K), the to-
tal persistent current becomes the sum of the in-
dividual contributions from the lowest Ne energy
eigenstates. The behavior of the current-flux char-
acteristics for a impurity free mesoscopic cylinder
with N = 20 is shown in Fig. 4, where (a) and (b)
correspond to the currents for Ne = 15 (odd Ne)
and 18 (even Ne) respectively. The red, green and
blue curves represent the results for φt = 0, 4 and 10
respectively. The current exhibits a saw-tooth like
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Figure 4: Persistent currents as a function of the
longitudinal magnetic flux φl for a mesoscopic cylin-
der with N = 20. The currents are computed for
the fixed number of electronsNe, where (a)Ne = 15
and (b) Ne = 18. The red, green and blue curves
correspond to φt = 0, 4 and 10, respectively (for
color illustration, see the web version).
nature with sharp transitions at several points of φl.
This is due to the existence of the degenerate energy
eigenvalues at these respective flux points. Depend-
ing on the choices of the total number of electrons
Ne, the kink appears at different values of φl, as ex-
pected for a multi-channel system.34 All these kinks
disappear as long as we introduce impurities in the
system. This phenomenon is very well established
in the literature and due the obvious reason we do
not describe further the effect of impurities on the
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persistent current in the present manuscript. From
a careful investigation it is observed that the current
amplitude for a typical value of φl can be controlled
very nicely by tuning the transverse magnetic flux
φt. Now to have a deeper insight to the effects of
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Figure 5: Typical current amplitudes as a function
of the transverse magnetic flux φt for the three dif-
ferent mesoscopic cylinders, where (a) N = 4, (b)
N = 6 and (c) N = 8, respectively. The parameter
φl is set to 0.25 (for color illustration, see the web
version).
the transverse magnetic flux on persistent current,
we focus our study on the variation of the typical
current amplitude (Ityp) with the magnetic flux φt.
As illustrative example, in Fig. 5 we display the
variation of the typical current amplitude Ityp as a
function of φt, where the parameter φl is fixed to
0.25. Figures 5(a), (b) and (c) correspond to the re-
sults for the cylinders with N = 4, 6 and 8 respec-
tively. Quite interestingly we see that the typical
current amplitude varies periodically with φt pro-
viding Nφ0 flux-quantum periodicity, instead of the
conventional φ0 periodicity. Thus for the cylinder
with N = 4, the current exhibits 4φ0 (= 4) peri-
odicity, while it becomes 6φ0 (= 6) for the cylinder
with N = 6 and 8φ0 (= 8) for the cylinder with
N = 8. From these results we clearly observe that
the variation of Ityp with φt within a period for the
cylinder with N = 8 is exactly similar to that of
the cylinders with N = 6 and N = 4 within their
single periods. Such an Nφ0 periodicity is just the
replica of the E versus φt characteristics which we
have described earlier. This phenomenon is really a
very interesting one and may provide a new aspect
of persistent current for multi-channel cylinders in
the presence of the radial magnetic field Br.
4 Concluding remarks
In conclusion, we have studied persistent currents
in a mesoscopic cylinder subjected to the longitu-
dinal magnetic flux φl and to the transverse mag-
netic flux φt. We have used a simple tight-binding
model to describe the system and calculated all the
results exactly within the non-interacting electron
picture. Quite interestingly we have observed that
the typical current amplitude oscillates as a func-
tion of the transverse magnetic flux φt, associated
with the energy-flux characteristics, providing Nφ0
flux-quantum periodicity. This phenomenon is com-
pletely different from the conventional oscillatory
behavior, like as we have got for the case of I ver-
sus φl characteristic which shows simple φ0 flux-
quantum periodicity. This study may provide a new
aspect of persistent current for multi-channel cylin-
drical systems in the presence of the radial magnetic
field Br.
This is our first step to describe how the persis-
tent current in a thin cylinder can be controlled
very nicely by means of the transverse magnetic
flux. Here we have made several realistic assump-
tions by ignoring the effects of the electron-electron
correlation, disorder, temperature, chemical poten-
tial, etc. All these effects can be incorporated quite
easily with this present formalism and we need fur-
ther study in such systems.
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